Abstract. In this paper we study bichromatic point-set embeddings of 2-colored trees on 2-colored point sets, i.e., point-set embeddings of trees (whose vertices are colored red and blue) on point sets (whose points are colored red and blue) such that each red (blue) vertex is mapped to a red (resp. blue) point. We prove that deciding whether a given 2-colored tree admits a bichromatic point-set embedding on a given convex point set is an N P-complete problem; we also show that the same problem is linear-time solvable if the convex point set does not contain two consecutive points with the same color. Furthermore, we prove a 3n/2 − O(1) lower bound and a 2n upper bound (a 7n/6 − O(log n) lower bound and a 4n/3 upper bound) on the minimum size of a universal point set for straight-line bichromatic embeddings of 2-colored trees (resp. 2-colored binary trees). Finally, we show that universal convex point sets with n points exist for 1-bend bichromatic point-set embeddings of 2-colored trees.
Introduction
A point-set embedding of a planar graph G on a point set P is a mapping of each vertex of G to a point in P and of each edge of G to a curve between its endpoints such that no two edges intersect. Point-set embeddability is a classical topic of research in Graph Drawing and a large number of results are known for several algorithmic and combinatorial problems related to point-set embeddings.
Gritzmann et al. [22] proved that a graph admits a straight-line point-set embedding on every point set in general position if and only if it is outerplanar. Straight-line embeddings of outerplanar graphs and trees on point sets in general position can be constructed efficiently [5, 6] . On the other hand, deciding whether a planar graph admits a straight-line embedding on a given point set is N P-complete [8] , even if the input planar graph is triconnected [3, 17] .
A particular attention has been devoted to determining the minimum size f * (n) of a universal point set for point-set embeddings of n-vertex planar graphs, i.e., a point set P with f * (n) points such that every n-vertex planar graph G admits a point-set embedding on an n-point subset of P . For straight-line point-set embeddings, the best known upper bound for f * (n) is O(n 2 ) [10] , while the best known lower bound is Ω(n) [9, 28] . Concerning k-bend point-set embeddings, that are point-set embeddings
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in which each edge is allowed to bend k times, Kaufmann and Wiese [27] proved that every point set with n points is universal for 2-bend point-set embeddings of planar graphs, and that there exist a point set P and a planar graph G such that every point-set embedding of G on P has at least 2 bends on some edges (see also [13] ). Moreover, Everett et al. proved in [19] that f * (n) = n for 1-bend point-set embeddings of planar graphs. Dujmović et al. [16] constructed small universal point sets P that allow for point-set embeddings in which bends are also embedded at points of P .
Pach and Wenger [29] considered the point-set embeddability problem under the assumption that the mapping from the vertices of the graph to the points of the point set is given as part of the input. They showed that, for every point set in general position, a point set embedding with given mapping of any planar graph G exists with O(n) bends per edge and that Ω(n) bends per edge may be necessary even for paths.
Recently, the two variants of the point-set embedding problem (with or without mapping) have been unified by introducing the concept of k-colored point-set embedding, where the set of vertices and the set of points are colored with k colors and each vertex is required to be drawn on a point with the same color [2, 14, 11, 15] . Badent et al. [2] generalized the result by Pach and Wenger by proving that, for every k ≥ 2, a k-colored planar graph admits a k-colored point-set embedding on every k-coloured set of points with O(n) bends per edge and that Ω(n) bends may be necessary.
In this paper we study the 2-colored point-set embeddability problem. That is, the vertices of the input graph G and the points of the input point set P are 2-colored (i.e. each vertex of G and each point of P is either red or blue), and the point-set embedding of G on P requires red and blue vertices to be mapped to red and blue points, respectively. Such an embedding is called bichromatic point-set embedding. The coloring of the graph is called proper if no two adjacent vertices receive the same color.
In Section 3, we study the time complexity of deciding whether a 2-colored tree admits a bichromatic point-set embedding on a 2-colored point set. We show that the problem is N P-complete, even if the tree is properly 2-colored and the point set is in convex position. Contrastingly with the N P-hardness result, we show that deciding whether a properly 2-colored tree can be embedded on an alternating 2-colored convex point set is a linear-time solvable problem. An alternating point set is a convex point set such that no two consecutive points on the border of the convex hull have the same color.
In Section 4, we study the size f (n) of the smallest universal 2-colored convex point set for bichromatic straight-line embeddings of 2-colored n-vertex trees. Such a value is formally defined as follows: For any pair (r, b) such that r + b = n, let f (n, r, b) be the minimum number of points of a convex point set P such that every n-vertex tree T with r red vertices and b blue vertices admits a bichromatic point-set embedding on P . Then
Further, we show that, when restricting the attention to properly 2-colored binary trees, we have f (n) ≤ 4n/3 and f (n) ≥ 7n/6 − O(log n).
In Section 5, we show that allowing bends on the edges leads to have f (n) = n. Namely, we prove that every linearly-separable 2-colored point set (with r red points and b blue points) is universal for bichromatic 1-bend point-set embeddings of (possibly non-properly) 2-colored trees (with r red vertices and b blue vertices).
Universal 2-colored point sets with n points are known to exist for bichromatic straight-line point-set embeddings of several classes of 2-colored trees, namely properly 2-colored paths [1] , (possibly non-properly) 2-colored paths [7] , (possibly non-properly) 2-colored spider trees [18] , forests with two connected components each containing exactly one red vertex [23, 24] , forests of star trees and forest of trees whose size differ by at most one [25, 26] , forests where each connected component contains exactly one red vertex [12] , properly 2-colored trees whose leaves all have the same color [20] , and (possibly non-properly) 2-colored rooted trees such that every vertex has at most one child having a color different from its own [20] .
Preliminaries
In this paper we mostly adopt definitions of [14] .
Let T = (V, E) be a 2-colored tree. If v is a vertex of T , we denote by c(v) the color of v and byc(v) the color different from c(v). Let T be a 2-colored tree T which is rooted at one of its vertices. For a vertex u of T , we denote by T (u) the subtree of T rooted at u. For a vertex u of a rooted properly 2-colored tree T , we define the surplus s(T (u)) of T (u) inductively as follows:
, where the sum is over all the children w of u. Hence, s(T (u)) is equal to the number of vertices of color c(u) minus the number of vertices of colorc(u) in T (u). A rooted properly 2-colored tree T is balanced if |s(T (u))| ≤ 1, for every vertex u of T . A (non-rooted) properly 2-colored tree is balanced if it can be rooted so that the resulting rooted tree is balanced. A rooted properly 2-colored tree T is strongly balanced if 0 ≤ s(T (u)) ≤ 1, for every vertex u of T .
A planar point set is a convex point set if none of its points lies in the convex hull of the others. Given a point p in a 2-colored point set, we denote by c(p) the color of p. The next lemma explains the structure of an embedding of a tree on a convex point set.
Lemma 1 ([4]).
Let T be any n-vertex tree and let P be any convex point set of size n. Let u be any vertex of T and let T 1 , T 2 , . . . , T k be the subtrees of T obtained by removing u and its incident edges from T . In any straight-line embedding of T on P , the vertices of T i are mapped on a set of consecutive points of P , for each i = 1, 2, . . . , k.
Given a 2-colored point set P and a line l, we denote by σ l P the sequence of blue and red points obtained by the orthogonal projection of P on l. An h-page book embedding of a graph G is a drawing of G such that all the vertices of G are drawn as points on a straight line Λ called spine, each edge of G is drawn on one of h half-planes, called pages, having Λ as a common boundary, and no two edges in the same page cross. Let σ be a sequence of red and blue points on a line Λ. An h-page book embedding of a graph G is consistent with σ if each vertex v of G is represented by a point p of σ and c(v) = c(p). Notice that the exact position of the points of σ on Λ is not relevant for the existence of the book embedding, and only their relative order is important. Let Γ be an h-page book embedding of a graph G. A vertex v of G is called accessible from a page π if there is no edge (u, w) in π such that u < v < w in the linear ordering of Γ . Two vertices accessible from a common page can be connected by an edge drawn in that page without creating any crossings. A book embedding Γ of a 2-colored tree is called alternating if the colors of the vertices along the spine of Γ alternate. In such an embedding, l(Γ ) and r(Γ ) refer to the two end-vertices of the embedding.
Generalizing a previous result presented in [27] for non-colored graphs, the following statement was proved by Di Giacomo et al. in [14] .
Theorem 1 ([14]
). Let G = (V, E) be a 2-colored graph and P be a 2-colored point set, with |P |=|V |. G admits 1-bend bichromatic point-set embedding on P if and only there exists a line l such that G admits a 2-page book embedding consistent with σ l P .
The following result will be used in the following sections.
Theorem 2 (Folklore).
Let G be an n-vertex graph. G has a 1-page book embedding if and only if G has a straight-line point-set embedding on an n-point convex point set.
Deciding Bichromatic Straight-Line Embeddability
In this section we consider the computational complexity of the problem of deciding whether a properly 2-colored tree can be embedded on a 2-colored convex point set. We start by showing that, in general, such a problem is N P-complete.
Theorem 3. Given a n-vertex properly 2-colored tree T and a 2-colored convex point set P with n points, it is N P-complete to decide whether T admits a bichromatic straight-line point-set embedding on P .
In the following we prove Theorem 3. First, the problem is trivially in N P. In order to prove N P-hardness, we construct a reduction from the 3-Partition problem, which is defined as follows. Given a bound B ∈ Z + and given a set A = {a 1 , . . . , a 3m } with a i ∈ Z + such that We use the fact that 3-Partition is N P-hard even if B is bounded by a polynomial in m [21] and if the numbers A = {a 1 , . . . , a 3m } are all even. Let (A, B) be an instance of 3-Partition. We show how to construct an equivalent instance (T, P ) of bichromatic straight-line point-set embeddability. Tree T is constructed as follows (see Fig. 1 ). Let r be a blue vertex of T , which we set to be the root of T . For each a i , 1 ≤ i ≤ 3m, we add to T an alternating red-blue path P i with a i vertices and connect its red end-vertex with r. Let a = max 1≤i≤3m a i . We further add m subtrees to T . Each of such subtrees is rooted at a red vertex, has a blue children, and one of these blue children has a − 1 red children. We call such subtrees star subtrees. Finally, we add to T a subtree rooted at a red vertex having one blue child, which in turn has 2a − 1 red children. We call this subtree red subtree.
Point set P is constructed as follows (see Fig. 2 ). Let a star point set be a convex point set consisting of a blue points followed by a red points. Let a red star point set be a convex point set that contains a red points, then one blue point, and then a red points. Let a bin point set be a convex point set consisting of B alternating points starting with a red point. Let P be a convex point set that contains one red star point set, then a blue point p r , and then m star point sets and m bin point sets, appearing in an alternate manner, and starting with a star point set. Note that p r is adjacent to a red star point set from one side and to a star point set from the other side. We have the following.
Lemma 2. (A, B) is a positive instance of 3-Partition if and only if T admits a bichromatic straight-line point-set embedding on P .
Proof sketch: By Lemma 1, in any bichromatic straight-line point-set embedding of T on P , the red subtree is mapped to the red star point set, and each star subtree is mapped to a distinct star point set. The remaining bin point sets are alternating point sets each with B points. Again by Lemma 1, each bichromatic straight-line point-set embedding of T on P maps three paths P i , P j , and P k on a single bin point set. This is possible if and only if a i + a j + a k = B.
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The described reduction from (A, B) to (T, P ) is polynomial, given that B is bounded by a polynomial in m. Hence, Lemma 2 completes the proof of Theorem 3. Contrastingly with Theorem 3, we show that deciding whether a properly 2-colored tree can be embedded on an alternating 2-colored convex point set is a linear-time solvable problem. Namely, in Lemmata 3 and 4, we show that a properly 2-colored tree admits a bichromatic straight-line embedding on an alternating point set if and only if it is balanced. Moreover, in Theorem 4, we show how to test in linear time whether a tree is balanced. Proof: If T is not balanced then, for every choice of the root of T , there exists a vertex u such that s(T (u)) > 1 or s(T (u)) < −1. By Lemma 1, in any point-set embedding of T on P , T (u) is embedded on a set of consecutive points of P . However, in any set of |T (u)| consecutive points of P , the number of red points and the number of blue points differ at most by one. Hence, in any point-set embedding of T on P , a red vertex is mapped to a blue point or a blue vertex is mapped to a red point. 
Universal Point Sets for Bichromatic Straight-Line Embeddings
In this section we consider the problem of determining the smallest value f (n) such that there exists a universal 2-colored convex point set with f (n) points for bichromatic straight-line embeddings of n-vertex 2-colored trees. In Theorem 5 we show that f (n) ≤ 2n; moreover, in Theorem 6 we show that f (n) ≥ 3n/2 − O(1). 
Theorem 5. Any 2n-point alternating convex point set is universal for bichromatic straight-line embeddings of 2-colored n-vertex trees.
Proof sketch: Let P be any 2n-point alternating convex point set and let T be any arbitrarily-rooted n-vertex 2-colored tree. The following claim is proved. For any subtree S of T and any subset P of 2|S| consecutive points of P , there exists a bichromatic straight-line embedding of S on P satisfying the following property: (S1) The root s of S is mapped on one of the "first two points" of P , and no vertex of S different from s is mapped on any of such two points. The claim implies the theorem with S = T . The proof is by induction on |S|. Fig. 3(a) . Tree T 2 has one red vertex r 2, * that is connected to n/2 blue vertices b 2,1 , . . . , b 2,n/2 . Each blue vertex b 2,i , for 2 ≤ i ≤ n/2, is connected to a red vertex r 2,i which is a leaf. See Fig. 3(b) .
Lemma 5.
Any convex point set P such that both T 1 and T 2 admit bichromatic straightline embeddings on P has at least 3n 2 − O(1) points. Proof sketch: The main idea that allows us to prove the lemma is the one of partial discrepancy of a 2-colored convex point set. Let P = R ∪ B be a 2-colored convex point set, where R and B denote the sets of red and blue points in P , respectively. We define the discrepancy of P as |R − B|. The partial discrepancy of P is the maximum discrepancy of any point set which is composed of consecutive points of P . By Lemma 1, we have that any 2-colored convex point set P 1 with |P 1 | = n such that T 1 admits a bichromatic straight-line embedding on P 1 is composed of two sequences of consecutive points, each one with discrepancy n/2 − 1. Again by Lemma 1, we have that any 2-colored convex point set P 2 with |P 2 | = n such that T 2 admits a bichromatic straight-line embedding on P 2 has partial discrepancy at most 3. Because of such two properties, if any straight-line embedding of T 2 maps k A red vertices of T 2 on red points in P 1 , the same embedding also maps k A − O(1) blue vertices of T 2 on points not in P 1 . Analogously, if any straight-line embedding of T 2 maps k B blue vertices of T 2 on blue points in P 1 , the same embedding also maps k B − O(1) red vertices of T 2 on points not in P 1 . Such considerations lead to prove the bound in the lemma.
We get the following theorem.
Theorem 6. Any 2-colored convex point set which is universal for bichromatic straightline point-set embeddings of 2-colored n-vertex trees has at least 3n/2 − O(1) points.
We now restrict our attention to properly 2-colored binary trees. We denote by g(n) the smallest value such that there exists a universal 2-colored convex point set with g(n) points for bichromatic straight-line embeddings of properly 2-colored n-vertex binary trees. We provide an upper and a lower bound for g(n). In Theorem 7 we show that g(n) ≤ 4n/3; moreover, in Theorem 8 we show that g(n) ≥ 7n/6 − O(log n).
Theorem 7. Any 4n/3-point alternating convex point set is universal for bichromatic straight-line embeddings of n-vertex properly 2-colored binary trees.
The proof of Theorem 7 uses two ingredients. The first one is Lemma 3, stating that every n-vertex properly 2-colored balanced tree admits a bichromatic straight-line embedding on any n-point alternating point set; the second one is Lemma 6, stating that every n-vertex properly 2-colored binary tree is a subtree of a properly 2-colored strongly balanced tree with 4n/3 vertices. The two results directly imply Theorem 7.
Lemma 6. Let T be an n-vertex properly 2-colored binary tree. There exists a properly 2-colored strongly balanced tree T with 4n/3 vertices such that T is a subtree of T .
Proof sketch: We make T strongly balanced in a bottom-up way. The subtrees rooted at the leaves of T are strongly balanced. Consider any internal vertex v of T such that all the subtrees rooted at the descendants of v are strongly balanced. W.l.o.g. assume that v is red. We have that T (v) is not strongly balanced if and only if the subtrees T (u 1 ) and T (u 2 ) rooted at the children u 1 and u 2 of v have surplus 1. In this case, we insert a red vertex in T (u 1 ) as follows. If u 1 has no child, then it suffices to insert a red vertex as a child of u 1 . If u 1 has at least one child w (which has color red), we have that T (w) has surplus 0, hence w has at least one child z which has color blue and surplus 1. We insert the new red vertex in T (z). Eventually this procedure inserts a red vertex in a tree with exactly one blue vertex and no red vertices. After such an insertion T (v) is strongly balanced. Whenever the above described procedure inserts a vertex to make a subtree T (v) strongly balanced we have that T (v) has surplus 0. Moreover, T (v) is not strongly balanced if and only if both T (u 1 ) and T (u 2 ) have surplus 1. Hence, if a vertex has to be inserted to make T (v) strongly balanced, then v has exactly two children u 1 and u 2 and no vertex was inserted in order to make T (u 1 ) and T (u 2 ) strongly balanced. The number of inserted vertices is thus at most n/3. 2
Next, we show a lower bound of 7n/6 − O(log n) for g(n). Namely, we present two properly 2-colored binary trees T 1 and T 2 , each with n/2 red vertices and n/2 blue vertices, such that any convex point set P such that both T 1 and T 2 admit bichromatic straight-line embeddings on P has at least 7n/6 − O(log n) points. Tree T 1 is a balanced binary tree. In order to formally define T 1 , we define a more general class T (c, m) of trees as follows. The root of T (c, m) has color c ∈ {red, blue} 2 ). Finally, we define T 1 = T (red, n), with r(T (red, n)) = r 1, * . See Fig. 4 (a). Tree T 2 is rooted at a red vertex r 2, * that has two blue vertices b 2,+ and b 2 as children; vertex b 2,+ is the root of a complete binary tree T b whose height (i.e. the number of edges in the longest path from the root to a leaf) is h = log 2 (n) − 2; vertex b 2 is connected to a red vertex r 2,+ which is the root of a complete binary tree T r whose height is also h. We only consider the cases in which h is even. See Fig. 4(b) .
Lemma 7.
Any 2-colored convex point set P such that both T 1 and T 2 admit bichromatic straight-line embeddings on P has at least 7n 6 − O(log n) points. Proof sketch: As in the proof of Lemma 5, we exploit the concept of discrepancy of a point set. By Lemma 1, any 2-colored convex point set P 2 with |P 2 | = n such that T 2 admits a bichromatic straight-line embedding on P 2 is composed of two sequences of consecutive points, each one with discrepancy larger than n/6. Moreover, any 2-colored convex point set P 1 with |P 1 | = n such that T 1 admits a bichromatic straight-line embedding on P 1 has O(log n) partial discrepancy. In order to prove the last statement, we introduce the concept of right discrepancy of a point set P as the maximum discrepancy among all subsets of P that can be obtained by walking clockwise starting from a designated point (representing the position of the root of T 1 ). The left discrepancy is defined analogously (with clockwise replaced by counterclockwise). Then, we prove that: (1) The left and right discrepancy of any 2-colored convex point set P (c, m) with m points such that T (c, m) admits a bichromatic straight-line embedding on P (c, m) are at most 2h (T (c, m) ) + 1, where h (T (c, m) ) is the height of T (c, m) (the proof is by induction on h(T (c, m)); (2) the discrepancy of any 2-colored convex point set P (c, m) with m points such that T (c, m) admits a bichromatic straight-line embedding on P (c, m) is at most 4h(T (c, m)) + 1 (the proof exploits the fact that the discrepancy of P (c, m) is at most the sum of the left discrepancy and of the right discrepancy of two subtrees of T (c, m)); and (3) h(T (c, m)) ≤ 1 + 2 log 2 m. The last two statements imply that P 1 has partial discrepancy at most 5 + 8 log 2 n. The reminder of the proof is similar to the proof of Lemma 5, that is, given that P 2 is composed of two sequences of consecutive points, each one with discrepancy larger than n/6, and given that P 1 has O(log n) partial discrepancy, we have that n/6 − O(log n) points of P 1 do not belong to P 2 , thus leading to the 7n/6 − O(log n) lower bound for the size of any point set on which P 1 and P 2 can be both embedded.
We thus obtain the following.
Theorem 8. Any 2-colored convex point set which is universal for bichromatic pointset embeddings of properly 2-colored n-vertex binary trees has at least 7n/6−O(log n) points.
Universal Point Sets for Bichromatic 1-Bend Embeddings
In this section we study how allowing bends on the edges affects the size of universal point sets for bichromatic point-set embeddings of 2-colored trees. We prove that there exist (even convex) n-point universal point sets for 1-bend point-set embeddings of (even non-properly) 2-colored trees. More in general, we show that every 2-colored tree admits a 1-bend point-set embedding on every linearly separable point set (which is a point set such that there exists a line separating the red points from the blue points).
In order to do that we first prove that every 2-colored tree admits an (r, b)-separable book embedding, i.e., a 2-page book embedding where all the blue vertices appear on the spine before all the red vertices.
Lemma 8. Every 2-colored tree admits an (r, b)-separable 2-page book embedding.
Proof sketch: The proof considers the maximal monochromatic connected subgraphs of T , in the following called monochromatic subtrees of T , and embeds such monochromatic subtrees in a breadth-first search ordering. That is, at the first step any monochromatic subtree is embedded. At step i, with i ≥ 2, all the monochromatic subtrees having vertices adjacent to monochromatic subtrees embedded at step i − 1 are embedded. Observe that all the vertices of the monochromatic subtrees embedded at step i have the same color, for each i ≥ 1. The book embedding is constructed in such a way that all the edges that are embedded at step i lie on the same page; moreover, no two edges embedded at consecutive steps lie on the same page. Furthermore, vertices embedded at step i are embedded either to the right or to the left of all the vertices embedded before step i. 2
We get the following.
Theorem 9.
Let T be a 2-colored tree with r red vertices and b blue vertices, and let P be a linearly separable point set with r red and b blue points. Then T admits a 1-bend bichromatic embedding on P .
Proof: Consider the point set P . Let l be a line in the plane that separates the blue points from the red points and that is not parallel to any line defined by two points of P . Let f be a line perpendicular to l. Consider the sequence σ f P . By Theorem 9, T admits a 2-page book embedding consistent with σ f P . Therefore, by Theorem 1, T admits a bichromatic 1-bend point-set embedding on P . 2
Conclusions and Open Problems
In this paper we have shown several algorithmic and combinatorial results related to the point-set embeddability of 2-colored trees on 2-colored point sets.
We have shown that testing the bichromatic point-set embeddability of a 2-colored tree on a convex point set is an N P-complete problem. It would be interesting to study whether this problem becomes polynomial-time solvable when the input is a 2-colored binary tree. We suspect that an N P-hardness proof similar to the one we presented could be designed even in this restricted case; however, we defer such an intuition to further research. Further, we have proved upper and lower bounds for the minimum size of a universal convex point set for bichromatic point-set embeddings of 2-colored trees and 2-colored binary trees. Tightening these bounds is a natural research direction.
The most interesting open problems are, in our opinion, related to the bichromatic point-set embeddability on point sets in general position. E.g., do point sets in general position with less than 2n points exist which are universal for bichromatic point-set embeddings of n-vertex 2-colored trees? Do universal point sets for bichromatic pointset embeddings of n-vertex 2-colored planar graphs require ω(n) points? An O(n 2 ) upper bound for the last question can be proved by considering an O(n) × O(n) grid and by replacing each grid point p with one red and one blue point close to p. Wellknown straight-line grid drawing algorithms (e.g. [10] ) provide the claimed bound.
